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Abstract
The Gauss law plays a basic role in gauge theories, enforcing gauge invariance and creating edge
states and superselection sectors. This article surveys these aspects of the Gauss law in QED, QCD
and nonlinear G/H models. It is argued that nonabelian superselection rules are spontaneously
broken. That is the case with SU(3) of colour which is spontaneously broken to U(1) × U(1).
Nonlinear G/H models are reformulated as gauge theories and the existence of edge states and
superselection sectors in these models is also established.
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I. INTRODUCTION
This talk first discusses how locality enters the treatment of the Gauss law constraint
and the gauge transformations of its generators, focussing on the Hamiltonian formalism.
The important role of test functions in a proper treatment of Gauss law becomes apparent.
Choices of various classes of test functions lead to various gauge groups of which the Gauss
law-generated gauge group is an invariant subgroup. There are also gauge transformations of
importance (at times loosely called “large gauge transformations”) which are not connected
to identity. Observables are local. A consequence is that they commute with all these gauge
transformations. That leads naturally to a discussion of superselection rules and anomalies:
the latter are just transformations which change the superselection sector and hence are
spontaneously broken. These ideas are illustrated by examples such as axial anomalies and
axial flavour transformations of the Standard Model.
We work with Minkowski spacetime M4 ∼= R3×R, where R3 is the spatial slice. We also
work in the gauge A0 = 0. The gauge group is defined on the spatial slice R
3.
II. THE STRUCTURE OF THE GAUGE GROUP: THE GAUSS LAW
Let H be the group which is to be gauged. In QED, H is U(1); in QCD, it is SU(3).
The gauge group G is not H . Rather, its elements are maps g from R3 to H . If g, h ∈ G,
the multiplication law is “point-wise”: gh is defined by (gh)(x) = g(x)h(x), x ∈ R3.
The Lie algebra G of the gauge group is associated with the Gauss law in quantum theory:
the latter in Dirac’s approach is a condition on state vectors |·〉:
(DiE
i + J0)|·〉 = 0. (1)
Here, Ei is the electric field, Di the covariant derivative and J0 is the charge density of the
matter field. If λα is a basis of generators of the Lie algebra H of H , we can write
DiE
i = ∂iE
i + iAαi E
i,β[λα, λβ], E
i = Ei,αλα, Ai = A
α
i λα, J0 = J
α
0 λα, (2)
where Aαi , E
j,β are canonically conjugate: at equal times,
[Aαi (x), E
j,β(y)] = iδji δ
3(x− y)I. (3)
These expressions are also valid for QED (H = U(1)).
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The RHS of (3) is a distribution. Therefore, Aαi , E
j,β are operator-valued distributions.
Derivatives of distributions are defined by smearing them with test functions and transferring
derivatives to test functions. It turns out to be important to do so for the Gauss law (1).
Thus, let S∞0 (R
3) define H-valued test functions Λ = Λαλα on R
3, Λα being real, infinitely
differentiable and of fast decrease at infinity. (We will not be precise on the rate of decrease.
It is to be adapted to the problem at hand.) We then write (3) as
Tr
∫ [−(DiΛ)Ei + ΛJ0] |·〉 = 0. (4)
If Trλαλβ = 2δαβ , we can also write (1) as∫ [−(DiΛ)αEi,α + ΛαJα0 ] |·〉 = 0. (5)
In the Gauss law (4), it is important to choose Λα to vanish at infinity. It is only then
that we can recover the classical Gauss law DiE
i + J0 = 0 by partial integration from (4)
without generating surface terms.
III. THE GROUP G∞0
The Gauss law generates infinitesimal gauge transformations dependent on x. We can
see this as follows. Let
[λα, λβ] = 2ic
γ
αβλγ. (6)
Then,
DiE
i = ∂iE
i,αλα + 2iA
α
i E
i,βcγαβλγ, DiE
i,γ = ∂iE
i,γ − 2Aαi Ei,βcγαβ , (7)
so that, for example,
[DiE
i,γ(x), Ej,ρ(y)] = −2iEj,β(x)cγρβδ3(x− y). (8)
This gives, for the smeared Gauss law,[∫ [−(DiΛ)αEi,α + ΛαJα0 ] , Ej,β(y)
]
= 2iΛγ(y)cγρβE
j,ρ(y), (9)
which is an infinitesimal y-dependent action of H .
Now, Λα(x) → 0 as |x| → ∞, so that the Gauss law acts trivially at infinity. Hence,
the group G∞0 it generates on exponentiation acts as identity at infinity (as indicated by
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the superscript ∞). The elements of G∞0 are also connected to identity as the subscript 0
indicates, since they are obtained by exponentiating a Lie algebra element.
If U(h) is the operator representing h ∈ G∞0 , we conclude that on physical states |·〉,
U(h)|·〉 = |·〉. (10)
IV. THE GROUP G0: THE EMERGENCE OF GLOBAL GROUPS
Let us denote the smeared Gauss law operator as G(Λ):
G(Λ) =
∫
Tr
[−(DiΛ)Ei + ΛJ0] , Λ ∈ S∞0 , G(Λ)|·〉 = 0. (11)
We now consider more general operators Q(µ), where the test functions are not required
to vanish at infinity:
Q(µ) =
∫
Tr
[−(Diµ)Ei + µJ0] , µ ∈ C∞. (12)
If
µ(x)
∣∣
|x|→∞
= µ ∈ R, (13)
there is no reason for Q(µ) to vanish on physical states. We call the group that the Q(µ)’s
generate as G0.
Now, G∞0 is a normal subgroup og G0. That follows from
[µ,Λ] = 2iµαΛβcγαβλγ ∈ S∞0 (14)
for µ = µαλα,Λ = Λ
βλβ, since the RHS tends to zero as |x| → ∞.
Consider the quotient group
Hˆ = G0/G∞0 . (15)
It is a group that acts non-trivially on quantum states.
Let us assume that (µ − µ∞) ∈ S∞0 , that is, that µ approaches its asymptotic value
rapidly. Then, if g(µ) ∈ G0, U(g(µ))|·〉 depends only on µ∞. That is because if µ1,∞ = µ2,∞,
(µ1 − µ2) ∈ S∞0 and G(µ1 − µ2)|·〉 = 0.
The group Hˆ is in fact isomorphic to H in simple cases like QED or QCD. In these cases,
we can choose µ(x) = µ∞ for all x and then
Q(µ) =
∫
Trµ∞
(−Aαi Ei,β[λα, λβ] + J0) (16)
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is the familiar H-generator after a normalisation of µ∞, which for QED is µ∞ = 1. For QCD,
we choose eight µ∞’s, µ
α
∞,βλα (β = 1, 2, . . . , 8), where µ
α
∞,β = δ
α
β . Equation (16) shows that
non-abelian gluons carry non-abelian charges, as the first term in (16) is not zero. In QED,
instead, the first term is zero, photons having no charge.
But Hˆ can differ from H . A good example is the ’t Hooft-Polyakov model, where H =
U(1) while, as Witten has shown [1], Hˆ = R in the presence of magnetic monopoles. That
leads to fractional charges for dyons.
V. THE SKY GROUP Gˆ0
We can now go one step further and consider the boundary condition
µ(x) = µ(|x|xˆ) −−−−→
|x|→∞
µˆ(xˆ). (17)
That is, allow µ to approach an angle-dependent limit at infinity. (We are “blowing up”
infinity.) Then, we get the “Sky” group Gˆ0 [2, 3] with generators
Qˆ(µˆ) =
∫
S2
∞
Tr
[−(Diµˆ)Ei + µˆJ0] . (18)
This group is of importance for discussing infrared effects [2].
VI. WINDING NUMBER GAUGE TRANSFORMATIONS
These are gauge transformations h which approach I at infinity. Hence, they can be
regarded as maps from S3 to H . If h has winding number other than zero, then h is a
winding number gauge transformation. We refer to [3] for the definition and properties of
such maps h.
If H is U(1) as in QED, then there is no h with non-zero winding number: Π3(U(1)g) = 0.
If H is a compact, simple Lie group like SU(N), there are such transformations. Let h1
be one such typical transformation with winding number one. Then, powers of h1, namely
hk1, k ∈ Z, generate the group Z.
If G∞W is the gauge group with elements becoming identity at infinity, but not necessarily
connected to identity, then the winding number group is G∞W/G∞0 .
We can relax the condition at infinity and consider GˆW . With GˆW , we allow angle-
dependence at infinity. This group may not be connected to identity. Then again we have
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that GˆW/Gˆ0 (the subscript 0 as usual denoting the component connected to identity) is the
winding number group:
GˆW/Gˆ0 ≈ GW/G0. (19)
The winding number group (“deck transformations”) is responsible for the θ-vacua of QCD.
An important point is that in QCD and SU(N) gauge theories, we cannot write winding
number operators in terms of field variables like A and E. (An exception occurs in the
’t Hooft-Polyakov model mentioned above.) Still, they are well-defined as automorphisms
of local observables. There may be cases where they are not implementable as unitary
operators, leading to their “spontaneous” breakdown.
We now have a list of various gauge groups with their mutual relations:
GˆW ⊃ GW ⊃ G0 ⊃ G∞0 = Gauss law group
∪ ∪ ∪
Gˆ∞W = G∞W ⊃ G∞0
(20)
In each non-trivial inclusion here, the subgroup is normal. Only the Gauss law group
necessarily acts as identity on quantum states. Also, groups with index W do not have
operators given by the canonical approach in QCD.
VII. ON LOCAL OBSERVABLES AND GAUGE INVARIANCE
Let A be the algebra of local observables. If ϕ is a local quantum field of the Lagrangian
approach and f is a test function with compact support K, then
ϕ(f) =
∫
d3x f(x)ϕ(x) (21)
or, better, eiϕ(f) is an element of A. Here, for illustration, we assume that ϕ is a scalar. We
can exponentiate ϕ(f) in (21) to get a unitary (and hence bounded) operator.
In our approach, K is a spatial region. A more rigorous formulation will require K to be
a spacetime region [4].
If a ∈ A, thought of as an operator in a Hilbert space H of physical states, then we have
that
aU(h) = U(h)a if h ∈ G∞0 . (22)
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That is because we want both |·〉 and a|·〉 to be in the kernel of the Gauss law. Thus,
[a,G(Λ)] = 0 if Λ ∈ S∞0 . (23)
The result (22) follows from here on exponentiation of G(Λ).
But a is local. An important consequence is then that a commutes with all the G-groups.
Let A′ be the commutant of A and CGW the group algebra of GW . Then, the above claim
means the following: because of locality and the Gauss law constraint, we have that
A′ ⊇ CGW . (24)
It is enough to show the infinitesimal version of this result for all G’s except GˆW ’s (Towards
the end of this section, we consider CGW ). For the former, there is the generator Q(µ). Let
ϕ(f) be a local field supported in a compact regionK. The commutator [Q(µ), ϕ(f)] depends
only on µ
∣∣
K
, the restriction of µ to K, because of locality. That is, if µ
∣∣
K
and ν
∣∣
K
are equal,
then
[Q(µ)−Q(ν), ϕ(f)] = 0. (25)
So let us extend µ
∣∣
K
to a ν ∈ C∞0 in any manner with the only condition ν
∣∣
K
= µ
∣∣
K
. Then,
[Q(µ), ϕ(f)] = [Q(ν), ϕ(f)] = [G(ν), ϕ(f)] = 0. (26)
The second equality holds true because µ, ν ∈ C∞0 . This proves the result.
The proof for winding number transformation is along the same lines. If g ∈ GˆW , then
U(g)ϕ(f)U−1(g) depends only on g
∣∣
K
and g−1
∣∣
K
. We now extend g−1
∣∣
K
outside K, so that it
has globally zero winding number and belongs to G∞0 . If the extended gauge transformation
is h, then U(h) ∈ A′. Hence, U(g) ∈ A′ too. We can thus conclude that GˆW ∈ A′.
VIII. ON SUPERSELECTION GROUPS
These are the transformations commuting with A. Hence, the group GˆW is associated
with the superselection group.
The subgroup G∞0 of Gauss law becomes I on quantum states. It is normal in GˆW . Hence,
it is more appropriate to identify GˆW/G∞0 or a subgroup thereof with the superselection
group.
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The group algebra C(GˆW/G∞0 ) commutes with A: C(GˆW/G∞0 ) ∈ A, it is a Hopf algebra.
For more discussions on Hopf algebras, see [5]. We can also work with C(GˆW/G∞0 ) to illustrate
superselection theory.
Subgroups of GˆW/G∞0 give us the familiar superselection rules of QED and QCD. That
is because of the following. Local observables cannot change the irreducible representation
(IRR) ρ of GˆW/G∞0 on the Hilbert space Hρ (we now label H also with ρ): AHρ ⊆ Hρ.
Hence, by definition, GˆW/G∞0 is superselected.
More will be said below when the group in question is non-abelian. We now illustrate
these remarks.
A. Charge and Colour
In QED, G0/G∞0 = U(1). Thus, charge is superselected. So is colour, since G0/G∞0 =
SU(3)c in QCD.
There is a subtlety about colour because it is non-abelian. In a unitary IRR (UIRR), as
Dirac has explained, we can diagonalise a maximal commuting set (CCS) of operators from
its group algebra CSU(3). A choice for the CCS is C2, C3, I, I3, Y , where C2, C3 are the
quadratic and cubic Casimir operators, I is isospin and I3, Y are the operators representing
λ3/2 and λ8/
√
3 of the Gell-Mann matrices. Thus, a vector state in a UIRR ρ is characterised
by the eigenvalues c2, c3, i, i3, y of these operators:
Hρ : |c2, c3, i, i3, y, ·〉. (27)
No operator of A will change these eigenvalues. But a generic element of SU(3)c (for
example, Uα and Vα, the U− and V− spin operators of [6]) will change i3, y. Hence, they
cannot be implemented on Hρ.
Operators changing Hρ are said to be spontaneously broken or anomalous. Hence, in QCD,
SU(3)c of colour is spontaneously broken to S (U(1)I3 × U(1)Y ), generated by I3, Y [2].
Analogous results have been found for the ethylene molecule [7] and for colour breaking by
the non-abelian monopoles of grand unified theories [8–11].
Remark: We make no distinction between spontaneous symmetry breaking and sym-
metry breaking by anomalies. Both are of the same origin: they change the domain of the
observables A. In the above, anomalous operators change Hρ. (It was Esteve who first
discussed anomalies as transformations changing the domain of the Hamiltonian [12].)
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B. QCD θ-vacua
These originate in GW . It is enough to consider G∞W . Let T be a winding number one
transformation. Then,
U(T )a = aU(T ) if a ∈ A (28)
because of locality. It also preserves the Gauss law constraint: if G(Λ)|·〉 = 0, then
G(Λ)U(T )|·〉 = 0. Hence, in an IRR of A, we can diagonalise U(T ).
For H = SU(2), a typical winding number one transformation is
T (x) = cos θ(r) + iτ · xˆ sin θ(r), r = |x|, θ(0) = −π, θ(∞) = 0. (29)
If T has winding number one, T k has winding number k. So the group it generates is Z.
The UIRR’s of Z are labelled by the points on a circle S1 = {eiθ}. If the quantum state is
characterised by ρθ : T → U(T ) = eiθ, we have that
U(T )|eiθ, . . .〉 = eiθ|eiθ, . . .〉. (30)
These are the θ-states of QCD. There is an extensive literature on θ-states.
C. The Sky Group
This group emerged from the study of infrared problems in QED. The name was suggested
by the Scri or BMS group of Bondi, Metzner and Sachs [13, 14] and the Spi group of
Ashtekar [15].
The Sky group G has generators Q(µ), where
µ(x) = µ(rnˆ) −−−→
r→∞
µ(nˆ), (31)
and where µ(nˆ) need not be zero.
There is an operator, an intertwiner, V (ω) which maps state vectors with Q(µ) = 0 to
ones where it is not zero. Then, there are the sectors with “in” state vectors (cf. [16, 17]
and references therein)
eqn
∫
d3x[A−
i
(x)ω+
i
(x)−A+
i
(x)ω−
i
(x)]|n, P, ·〉 := |n, P, ω, ·〉, (32)
|n, P, 0, ·〉 ≡ |n, P, ·〉, qn 6= 0 (33)
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created by the infrared photons. Here A±i are the positive and negative frequency parts of
the electromagnetic potential in the Coulomb gauge, and the functions ω+i , ω
−
i = ω¯
+
i are
transverse:
∂iω
±
i (x) = 0, (34)
Also they do not vanish fast as we approach infinity:
lim
r→∞
r2 xˆi ωi(x)
± 6= 0. (35)
One such typical ω+i has the Fourier transform
ωˆ+i (k) =
∫
d3x eik·xω+i (x) =
1
P · k + iǫ(Pi − P · kˆ kˆi) (36)
(with ǫ decreasing to zero as usual). The momentum Pµ is the total momentum of the
charged system. (We have not shown the individual momenta and charges of which P and
qn are composed as they are not importatnt for our considerations.) The important point
here is that ωˆ+i is not square-integrable:
〈ω, ω〉 := lim
|k′|→0
∫ ∞
|k′|
d3k
2|k| |ωˆ
+
i (k)|2 =∞. (37)
It is then a theorem [18] that the representation of A built on (32) is superselected: it is not
the Fock space representation.
V (ω) commutes with the Gauss law operator G(Λ). But that is not the case with Q(µ):
eiQ(µ)V (ω) = exp
[
qn lim
r2→∞
∫
S2
∞
dΩ r2µ(nˆ)nˆi(ω
+
i − ω−i )(rnˆ)
]
V (ω)eiQ(µ), (38)
where S2∞ is the “sphere” at infinity (we are “blowing up” infinity).
The algebra defined by the relation (38) is useful to study the infrared effects in gauge
theories and their phenomenology [19].
There are non-abelian and gravitational generalisations of V (ω) [19]
If |·〉 is a vector in the Fock space, then V (ω)|·〉 is not in the Fock space since ωi is not
square-integrable: ∫
d3x |ωi(x)|2 =∞. (39)
Using this fact, one proves that Lorentz invariance is broken: boost operators cannot be de-
fined on V (ω)|·〉. Colour and SL(2,C) gauge symmetry are similarly broken. The discussion
of these issues may be found in papers.
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IX. GLOBAL SYMMETRIES: LORENTZ AND FLAVOUR GROUPS
Apart from gauge groups, whose elements are spacetime dependent, we have in addition
global symmetries. They transform all local fields and cannot be localised in a compact
region K. A simple example is spatial translation. For a free scalar field, its generators are
Pi =
1
2
∫
d3x [ϕ(x)∂iΠ(x)] , [ϕ(x),Π(y)]
∣∣∣
x0=y0
= iδ3(x− y), (40)
as deduced from the standard Lagrangian. They involve a density such as ϕ(x)∂iΠ(x)
integrated over all space. For these reasons, they are not local. We call them global.
On local observables A, global symmetries act as automorphisms. Unitary elements of
A also act as automorphisms of A. The latter generate the inner automorphism group
Inn A. If Aut A is the group of all automorphisms of A, then Inn A is a normal subgroup
of Aut A. Global symmetries are elements of the quotient group Aut A/Inn A, which is
called the outer automorphism group Out A.
There is no guarantee that global symmetries, that is Out A, can be implemented by
operators in an IRR ρ of A on Hρ. Superselection operators are multiples of identity on Hρ
and it can happen that elements of Out A change ρ. In that case, they are spontaneously
broken. We know many such examples. We list a few below.
A. Axial U(1) Anomaly
In quantum physics, we seek a representation of A which preserves the domain DH of the
Hamiltonian: ADH ⊆ DH . This is important so that we have well-defined time evolution.
But, as Esteve discusses [12], axial U(1) transformations U(1)A change DH , that is, the
IRR of A. Hence, they are spontaneously broken. That is so in QED and the Standard
Model.
B. The Axial Flavour Anomaly
The flavour group in QCD at the Lagrangian level is U(Nf )L × U(Nf )R (upto discrete
groups) acting on the left- and right-handed quarks. If (g, h) is a transformation of this
group, they are interchanged by parity P :
P : (g, h)→ (h, g). (41)
11
Vector transformations (g, g) commute with P . The axial transformations (g, g−1) do not.
The latter are all anomalous.
C. How QED Breaks Lorentz Invariance
A very striking example occurs in QED, where, as proved by Fro¨hlich, Morchio and
Strocchi [20, 21], infrared effects dress the charged particle states by a V (ω) as in [20, 21],
ω being known, and change the Fock space to a non-Fock space. In this new representation
space, boost generators and hence the Lorentz group are spontaneously broken.
There are extensions of this result to QCD [16].
D. The Higgs Field
The Higgs field is of standard use for the spontaneous breaking of symmetry. We discuss
it briefly in the context of the group U(1), such as in superconductivity.
So let φ be a charged Higgs field approaching the constant value φ∞ at spatial infinity.
If a is a local observable, then
lim
r→∞
[a, φ(x)] = 0, r = |x|, (42)
so that φ∞ is superselected.
We consider U(1) as a gauge symmetry. So, if u ∈ U(1), then
U(u)a = aU(u) (43)
and U(u) too commutes with all local observables.
But
U−1(u)φ(x)U(u) = uφ(x), (44)
so that U(u) and φ∞ do not commute. These superselected operators form a non-abelian
group. Each superselected sector, as discussed earlier, can be labelled by the eigenvalues of
only one of them.
But we want to preserve the domain DH of the Hamiltonian H . The latter has a potential
V (φ) which is zero only at φ∞. That means that in DH , the operator for φ(x) must approach
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φ∞ as r →∞. Hence, we label the superselection sector by φ∞. But then U(u) changes φ∞
to uφ∞ and is spontaneously broken.
It is possible to express φ∞ in terms of the field φ smeared with a test function and its
expectation value for vectors |·〉 ∈ DH .
X. NON-LINEAR MODELS AND EDGE EXCITATIONS
Consider a model for Goldstone modes with gauge group G which is spontaneously broken
to H ⊂ G. Then the model describes Goldstone modes with target space G/H . If the model
can be described as a gauge theory, then we can apply the previous discussion. This can be
done as follows [22]. We fix an orthonormal basis of the Lie algebra of G:
T (α), α = 1, 2, . . . , |H|, (45)
S(i), remaining generators of G. (46)
Then under an action of h ∈ H ,
hT (α)h−1 = T (β)hβα, (47)
hS(i)h−1 = S(j)Dji(h). (48)
Set
Aµ(g) = T (α)Tr T (α)g
−1(x)∂µg(x), (49)
Bµ(g) = S(i)Tr S(i)g
−1(x)∂µg(x). (50)
Then under the right action of H ,
Aµ(gh) = h
−1Aµ(g)h+ h
−1∂muh, (51)
Bµ(gh) = h
−1Bµ(g)h, (52)
i.e. Aµ is a connection while Bµ is a tensor field.
For gauge group H ∋ h : Rn → H , we can write Lagrangian densities like
L1 = −λTr Bµ(g)Bµ(g), (53)
or
L2 = −λTr Fµν(A)F µν(A). (54)
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They reduce to standard σ-model Lagrangians, e.g. with G = SU(2), H = U(1), so that
G/H = S2. Explicitly writing:
g(x)σ3g
−1(x) = σαϕα(x)⇒ ϕα(x)ϕα(x) = 1,
we get
L1 ∼ −λ(∂µϕα)(∂µϕα),
L2 ∼ −εαβγλ(ϕα∂µϕβ∂νϕγ)2. (55)
But (non-local) observables need be invariant only under
H∞ = {h ∈ H | h∞(xˆ) = lim
r→∞
h(rxˆ) = 1}. (56)
Can we find such observables invariant only under H∞ and not under H? Consider the
Wilson line
W (g, x, e) = exp
∫ x
∞
dλeµAµ(g(x+ λe)), (57)
where eµ is a spacelike unit vector. Under gauge transformation by h ∈ H,
W (g, x, e)→ h∞(xˆ)W (g, x, e)h−1(x). (58)
Hence
B˜µ(g, x, e) ≡W (g, x, e)Bµ(x)[W (g, x, e)]−1 (59)
is invariant by small, but not by large gauge transformations. B˜µ(g, x, e) is not a local
field. B˜µ(g, x, e)|x〉 is a state with edge excitations. How do we see them? Perhaps through
instantons. Thus we have the θ-vacuum term
θ
32π2
∫
TrF (A) ∧ F (A)
that we can add to the action. There are also instanton solutions of F = ∗F (for certain
groups, the ADHM method works. But this topological term cannot be reduced to an
integral of standard G/H-model fields. It violates CP invariance and can induce electric
dipole moment. The present limit is given by
θ ≤ 10−10.
Some of these ideas extend to self-dual gravity as well.
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